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1. INTRODUCTION 

Vibration control of machines worked by engines

has attracted great amount of research activities during

last decades. Particular, vehicles motions are

influenced by the harmful effects of vibrations caused

by engines and roads which have a pivotal role in

driver's comfort. Griffin et al. [1], Rokheja [2] and

Barak [3] have shown that the interior vibration of a

vehicle have a significant effect in comfort and road

holding capability. In some previous researches have

been shown that the trade-off between comfort and

road holding capability is difficult to achieve [4-6].

Today, there are three types of suspension system

which are installed between road excitation and

vehicle body and named passive suspension, active

suspension and semi-active suspension. Passive

suspension is composed of a parallel mounting of a

spring and damper. This suspension type is commonly

used by majority of manufacturers; but it can not

compromise between road vehicle comfort and road

holding capability, properly. Chalasani has shown that

increasing of the passive suspension damping

coefficient improves vehicle comfort but this

improvement decreases road holding capability [7]. In

case of reducing this limitation of passive suspension,

the tendency of researchers has led them to produce

other kind of suspension system such as active

suspension. Active suspension needs an external

energy source. Moreover, it is capable of

compromising between road vehicle comfort and road

holding capability [8-11]. Thompson has presented

that the result of using of active suspension is

vibrantly superior to other types of suspension

systems [12]. The other type of suspension is called

semi-active. This type is halfway between the two

other types, passive and active. The semi-active

suspension creates an approximate active damping

control law without the need of external energy source

[13]. Bouazara in his PhD thesis studied three types of

suspension system (active, semi-active and passive)

for five and eight-degree of freedom vibration model

[14]. In his works, Bouazara combined all the

performance criteria to form an objective function for

an optimization process. For this purpose, he used the

weighting coefficients to adjust the comfort and road

holding capability criteria in the single optimization

design process. Further, he assign the vertical

acceleration of seat as vehicle comfort and the relative

displacement between sprung mass and tires as road

holding capability. Using of weighing coefficients is

not a proper approach to solve the multi-objective

optimization problems. Because the results of the

optimization are extremely depended on the weighing
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coefficients and with the slight changing in the value

of coefficients, the results would be different. Feng et

al. adopted a combined control scheme for the vertical

motion optimization of active vehicle suspension

systems using a genetic algorithm based self-tuning

PID controller and a fuzzy logic controller [15].

Alkhatib applied genetic algorithm (GA) method to

the optimization problem of a linear one-degree of

freedom (1-DOF) vibration isolator mount and the

method was extended to the optimization of a linear

quarter car suspension model [16]. The optimum

solution was obtained numerically by utilizing GA and

employing a cost function that sought minimizing

absolute acceleration RMS (root mean square)

sensitivity to changes in relative displacement RMS.

Gündoðdu presented an optimization of a four-degree

of freedom quarter car seat and suspension system

using genetic algorithms to determine a set of

parameters to achieve the best performance of the

driver [17]. The desired objective was proposed as the

minimization of a multi-objective function formed by

the combination of not only suspension deflection and

tire deflection but also the head acceleration and crest

factor (CF), which is not practiced as usual by the

designers. Nariman-zadeh et al. used a multi-objective

approach for optimal design of a 5-degree of freedom

vehicle vibration model with passive suspension [18].

In this reference, they obtained some Pareto fronts of

non-dominated optimal design points of five non-

commensurable objective functions, namely, vertical

acceleration of seat, vertical velocities of forward and

rear tires, relative displacements between sprung mass

and both forward and rear tires. 

In this paper, multi-objective uniform-diversity

genetic algorithm (MUGA) with a diversity

preserving mechanism called the å-elimination

algorithm is used for multi-objective optimization of a

5-degree of freedom vehicle vibration model. The

conflicting objective functions that have been

considered for minimization are, namely, vertical

acceleration of seat ( ), vertical velocity of forward

tire ( ), vertical velocity of rear tire ( ), relative

displacement between sprung mass and forward tire

(d1) and relative displacement between sprung mass

and rear tire (d2). The design variables used in the

optimization of vibration are, namely, seat damping

coefficient(css), vehicle suspension damping

coefficient (cs1 and cs2), seat stiffness coefficient (kss),

vehicle suspension stiffness coefficient (ks1 and ks2),

damping coefficients for the active suspension (g1 and

g2) and seat position in relation to the center of mass

(r).Various pair-wise 2-objective optimization and 5-

objective optimization processes are performed. The

inclusion of the results by 5-objective optimization is

verified using the results of different 2-objective

optimization processes through some overlay graphs

of the Pareto fronts. Prominently, it is shown that a

trade-off optimum design can be verified from those

Pareto fronts obtained by multi-objective optimization

process. Finally, the superiority of time domain

vibration performance of such design point is shown

in comparison with those given in the literature.

2. MULTI-OBJECTIVE PARETO OPTIMIZATION

Multi-objective optimization that is also called

multi-criteria optimization or vector optimization has

been defined as finding a vector of decision variables

satisfying constraints to give optimal values to all

objective functions [21-22]. In general, it can be

mathematically defined as:

find the vector to optimize

(1)

subject to m inequality constraints

(2)

and p equality constraints

(3)

where, is the vector of decision or design

variables, and is the vector of objective

functions. These objectives often conflict with each

other so that improving one of them will deteriorate

another .Therefore; there is no single optimal solution

as the best with respect to all the objective functions.

Instead, there is a set of optimal solutions, known as

Pareto optimal solutions or Pareto front for multi-

objective optimization problems [23-24].

Some unique natural properties of evolutionary

algorithms like their parallel or population-based

search scheme have been reasons to use them for

multi-objective optimization problems. It should be

noted that keeping the genetic diversity in the

population or the Pareto front is one of the important
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and main issue of these methods [21-22, 24-25]. The

Pareto-based approach of NSGA-II [24] has been used

in a wide range of engineering MOPs because of its

simple yet efficient non-dominance ranking procedure

in yielding different levels of Pareto frontiers.

However, the crowding approach in such a state-of-

the-art MOEA [25] works efficiently for two objective

optimization problems as a diversity-preserving

operator which is not the case for problems with more

than two objective functions [18-20].

In this work, a recently reported multi-objective

uniform-diversity genetic algorithm method called

MUGA [18-20] is used for the multi-objective optimal

design of vehicle vibration model. MUGA uses non-

dominated sorting mechanism together with a -

elimination diversity preserving algorithm to get

Pareto optimal solutions of MOPs more precisely and

uniformly. In fact, the basic idea of sorting of non-

dominated solutions originally proposed by Goldberg

[26] which has been used in different evolutionary

multi-objective optimization algorithms, more

importantly in NSGA II by Deb [24], has been adopted

here. In order to improve the genetic diversity among

the population, the -elimination diversity approach

is used in which all the clones and -similar

individuals are recognized and simply eliminated from

population. Therefore, based on a value of as the

elimination threshold, all the individuals in a front

within this limit of a particular individual are

eliminated. More detailed description of MUGA such

as pseudo code of main algorithm, -elimination

algorithm and etc., can be found in [18-20].

3. MULTI-OBJECTIVE OPTIMIZATION OF

VEHICLE VIBRATION MODEL

A 5-degree of freedom vehicle with active

suspension which is adopted from reference [14] is

shown in Figure 1. This model is composed of one

sprung mass that joints to three unsprung masses

(indicate the tires and seat). Moreover, effect of

degrees of freedom, linear motion (in vertical

direction for sprung and unsprung masses), and

rotating motion (pitching motion) for sprung mass ,in

terms of acceleration, velocity and movement, are

exerted in formulation of motion equations. M1, m2,
mc, ms , Is, kp1, kp2 , l1and l2 which denote vehicle fixed

parameters are expressed as forward tire mass, rear

tire mass, seat mass, sprung mass, momentum inertia

of sprung mass, forward tire stiffness coefficient , rear

tire stiffness coefficient, forward and rear suspensions

position in relation to the center of mass, respectively.

Design variables kss, ks1 and ks2, css, cs1 and cs2, g1 and

,g2 and r denote seat stiffness coefficient, stiffness

coefficients for vehicle suspension, seat damping

coefficient, damping coefficients for vehicle

suspension, damping coefficients for the active

suspension and seat position in relation to the center of

mass, respectively. g1 and g2 are the damping

coefficients for the active suspensions obtained by the

solution of Riccati equation [27]. Further, Subscripts 1

and 2 indicate tire axes, respectively. It is also

necessary to observe that in this case study, seat type

is composed of a linear spring and damper. This model

is excited by a double-bump shown in figure 2.

The differential linearized equations of motion,

with respect to the degrees of freedom and for small

angle , are derived by the use of Newton-Euler

equations and can be written as follows [14]:

(4)

(5)  

(6) 

(7)

(8)222 sa zgF ��

111 sa zgF ��

	22 lzz ss ��  

	11 lzz ss ��

	rzz sps ��

	

 

 

 
 

 

Optimal selection of active suspension parameters using artificial intelligence

Fig. 1. Vehicle vibration five-degree of freedom model
with active suspension adopted from reference [14]
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(9)

(10)   

(11)

(12)

(13)

(14)

(15)

(16)

Where zc, zs, zsi and are vertical seat displacement,

vertical displacement of the Central Gravity of the

sprung mass, vertical displacement of the ends of the

sprung mass and rotating motion (pitching motion),

respectively. Further, represent

vertical seat velocity, vertical tires velocity and

vertical velocity of the ends of the sprung mass,

respectively. denote vertical seat

acceleration, vertical acceleration of the Central

Gravity of the sprung mass, vertical tires acceleration

and rotating acceleration (pitch acceleration),

respectively. The damping force generated is given as

follow [14]:

(17)

Lastly, zp1 and zp2 represent the excitation via road

double bumps, as shown in figure 2. 

It is supposed that the vehicle moves at constant

velocity =20 m/s over double bump, and it is further

assumed that the rear tire follows the same trajectory

as the front tire with a delay of . The

input values of fixed parameters are presented at Table

1 [14]. 

In this paper, 50000<kss(N/m)<150000,

10000<ks1(N/m)<20000, 10000<ks2(N/m)<20000,

1000<css(Ns/m)<4000, 500<cs1(Ns/m)<2000,

500<cs2(Ns/m)<2000, 500<g1,g1(Ns/m)<2000 and

0<r<0.5 are observed as design variables to be
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Fig. 2. Double bumps excitation

1l 1.011 m 

2l 1.803 m 

1m 40 kg 

2m 35.5 kg 

cm 75 kg 

sm 730 kg 

sI 1230 kg.m2

1pk 175500 N /m 

2pk 175500 N /m 

Table 1. The input values of fixed parameters of this paper
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optimally found based on multi-objective optimization

of 5 different objective functions, namely, vertical

acceleration of seat ( ), vertical velocity of forward

tire( ), vertical velocity of rear tire ( ), relative

displacement between sprung mass and forward tire

(d1) and relative displacement between sprung mass

and rear tire (d2). 

4. TWO-OBJECTIVE OPTIMIZATION OFVEHICLE

VIBRATION MODEL

In this section, MUGA is used for multi-objective

design of vehicle model which has been shown in

Figure 1. For this purpose, five different pairs out of

ten possible pairs of objectives are considered in bi-

objective optimization processes. Such pairs of

objectives to be optimized separately have been

chosen as ( , ), ( , ), ( ,d1), ( ,d2) and (d1,

d2) which stands for vertical acceleration of seat with

vertical velocity of forward tire, vertical velocity of

rear tire, relative displacement between sprung mass

and forward tire, and relative displacement between

sprung mass and rear tire and relative displacement

between sprung mass and forward tire with relative

displacement between sprung mass and rear tire

,respectively. Evidently, it can be observed that all of

the objective functions are minimized in those sets of

objective functions. A population of 80 individuals

with a crossover probability of 0.9 and mutation

probability of 0.1 has been used in 240 generations.

Pareto fronts of each chosen pair of two objectives

have been shown through figures 3-7. It is clear from

all of the figures that obtaining a better value of one

objective would normally cause a worse value of

another objective. However, if the set of decision

variables is selected based on each of a Pareto front, it

will lead to the best possible combination of that pair

of objectives. In other words, if any other set of

decision variables is chosen, the corresponding values

of pair of objectives will locate a point inferior to the

corresponding Pareto front. Such inferior area in the

space of the objective functions for figures 3-7 are in

fact top/right sides. 

Figure 3 depicts the Pareto front of vertical

acceleration of seat and vertical velocity of forward

tire representing different non-dominated optimum

points with respect to the conflicting objectives. In this

figure, points A and C stand for the best vertical

acceleration of seat and the best vertical velocity of

forward tire, respectively. It should be noted that all

the optimum design points in this Pareto fronts are

non-dominated and could be chosen by a designer. It

is clear from this figure that choosing a better value for

any objective function in these Pareto fronts would

cause a worse value of another objective function.

Clearly, there are some important optimal design facts

between these objective functions that can readily be

observed in that Pareto front. Such important design

facts could not have been found without the use of

Pareto optimization approach of vehicle vibration

model. In figure 3, point B1 is the point which

demonstrates an important optimal design fact.

cz��cz��2z�cz��1z�cz��

2z�1z�
cz��
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Fig. 3. Pareto front for vertical acceleration of seat and vertical velocity of forward tire in 2-objective optimization
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objective optimization
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Optimum design point B1 obtained in this paper

exhibits a small increase in forward tire velocity in

comparison with that of point C (the design with the

least vertical velocity of forward tire) whilst its

vertical seat acceleration improves about 23%. In fact,

trade-off design point, B1, would not have been

obtained without the use of the Pareto optimum

approach presented in this paper.

Such non-dominated Pareto fronts of the other

chosen sets of objective functions have been shown

through figures 4-7. As considered in these figures,

point A stands for the best vertical acceleration of seat

whilst points E, F and G represent the best , d1 and

d2, respectively. Similarly, the trade-off designing

points B2, B3 and B4 are the design points which

demonstrate the important optimal design fact. With

more careful observation, it is found that the values of

seat accelerations improve about 32%, 13% and 26%

with a small increase in other objective functions from

points E to B2, F to B3 and G to B4 in figures 4, 5 and

6, respectively. In all these figures, point D represents

the optimum design obtained in reference [14] which

it is very evident that is vigorously dominated by all

Pareto fronts shown in these figures. It is necessary to

observe that in figure 7 point F represents optimum

point from both two objective functions, and further

shows less values comparing to point D. 

The corresponding values of objective functions and

design variables of these optimum design points and the

point one in reference [14] are given in Table 2. 
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Fig. 7. Pareto front for relative displacement between sprung mass and forward tire and relative displacement between
sprung mass and rear tire in 2-objective optimization

D H G B4F B3E B2C B1A 
105626146825.4137301.6137301.6123015.9146825.4116666.7146825.457936.51105555.6150000)m/N(kss

26663238.0952380.9522380.9523857.1433809.5241047.6193285.7143333.3333571.4293047.619)m/Ns(Css

1501611111.11100001000010317.4611428.5718730.1611428.5716190.4811111.1110793.65)m/N(k 1s

19421238.095619.0476785.71431976.191785.714619.0476738.09521238.0951071.4291023.81)m/Ns(C 1s

150651000019047.621000015079.3710634.92100001000010317.461000010793.65)m/N(k 2s

19541666.6671976.19200020001928.5711714.2861071.429880.9524666.6667714.2857)m/Ns(C 2s

0.2790.3968270.4285730.23810.1984190.2936550.32540.3333370.3571460.3412730.396827)m(r
16741428.571595.23811761.9051952.3811714.286738.0952880.9524523.8095880.95241761.905)/(1 mNsg
136620001857.1431619.0481476.191928.5711976.191976.191976.1920001976.19)/(2 mNsg

2.4006131.7665122.4734061.8337122.0497581.7932582.7736511.8901362.2843651.7501781.645373)/( 2smzc��
0.4217480.4127410.414510.4189340.4232940.4172640.4072940.4093860.4018740.4058730.411704)/(1 smz�
0.4345880.4259430.4299910.4279930.435970.4293140.4195020.4230560.4225890.4284520.430368)/(2 smz�
0.0721630.0782780.1033890.0824940.0680940.0701940.098240.0934360.0916240.0893490.084189)(1 md
0.0478420.0519280.0388630.0441870.0460730.0495230.0579040.0614690.0752070.07360.070351)(2 md

Table 2. The values of objective functions and their associated design variables of the optimum points of this work and the
one of reference [14] 
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The Pareto optimum approach of this paper reveals

some interesting and informative design aspects that

may not have been found without multi-objective

optimization. However, all such important and worthy

information regarding the trade-off design point can

also be simply discovered using a five-objective

Pareto optimization instead of five separate bi-

objective optimization processes. 

5. FIVE-OBJECTIVE OPTIMIZATION OF

VEHICLE VIBRATION MODEL

A multi-objective optimization design of vehicle

model including all five objectives simultaneously can

offer more choices for a designer. Moreover, such 5-

objective optimization can subsume all the 2-objective

optimization results presented in the previous section.

This will allow finding a trade-off optimum design

points from the view of all five objective functions

simultaneously. Therefore, in this section, five

objective functions, namely, vertical acceleration of

seat ( ), vertical velocity of forward tire ( ),

vertical velocity of rear tire ( ), relative displacement

between sprung mass and forward tire (d1) and relative

displacement between sprung mass and rear tire (d2)

are chosen for multi-objective optimization in which

all of them are minimized simultaneously. A

population of 80 individuals with a crossover

probability of 0.9 and mutation probability of 0.1 has

been used in 240 generations.

Figure 8 depicts the non-dominated individuals of 5-

objective optimization in the plane of ( - ) together

with the results to 2-objective optimization found in

previous section. Such non-dominated individuals of

both 5 and 2-objective optimization have alternatively

been shown in the plane of ( - ), ( -d1), ( -d2)

and (d1-d2) through figures 9-12, respectively. It should

be noted that there is a single set of individuals as a

result of 5-objective optimization of , , , d1 and

d2 that are shown in different planes together with the

corresponding 2-objective optimization results.

Therefore, there are some points in each plane that may

dominate others in the case of 5-objective optimization.

However, these individuals are all non-dominated when

considering all five objectives simultaneously. By

careful investigation of the results of 5-objective

optimization in each plane, the Pareto fronts of the

corresponding two-objective optimization previously

found can now be observed in these figures. It can

readily be observed that the results of such 5-objective

optimization include the Pareto fronts of each 2-

objective optimization and provide, therefore, more

optimal choices for the designer. 

It is now desired to obtain an optimum design point

out of all non-dominated 5-objective optimization

process somehow satisfying all five objective functions.

In other words, each of the obtained design points given

in previous section is acceptable based on pertinent two

objective functions, but there is no reason that such an

optimum design point existed in one of the Pareto fronts

(i.e. plane of ( - )) is located in the other Pareto

fronts too (i.e. plane of ( - )).2z�cz��
1z�cz��

2z�1z�cz��

cz��cz��2z�cz��

1z�cz��
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Fig. 8. Vertical acceleration of seat with vertical velocity of forward tire in both 5-objective & 2-objective optimization.
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2-objective optimization
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objective optimization

Optimal selection of active suspension parameters using artificial intelligence
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It is now possible to seek an optimum design point

which is located almost on all Pareto fronts of figures

8 through 12. This can be simply achieved by mapping

of the values of objective functions of all non-

dominated points into interval 0 and 1. Using the sum

of these values for each non-dominated points, the

design point H simply represents the minimum of

those values. It can be seen that the design point H

located on all Pareto fronts approximately. Moreover,

it can be seen that in two planes (( - ) and ( -

)) point H dominates point D proposed by reference

[14]; in two planes (( -d1) and ( -d2)), no one

dominates together and only in the last plane, point D

dominate point H. But with a careful observation, it

could be inferred that there are several optimum points

designed by 2 & 5-objective optimization in these

three planes that dominate point D (i.e. points X, Y

and Z in figures 10 through 12).

It should be noted that time response behavior of

vertical acceleration of seat of proposed optimum point

of this work and the one of reference [14] of vertical

acceleration of seat are shown in figure 13. It is clear

that time response behavior of point H is superior to that

of point D. The values of objective functions and their

associated design variables of H are shown in Table 2.

The comparison of the values of objective functions

associated with the optimum point H obtained from 5-

objective functions optimization with those of 2-

objective functions optimization of design points B1,

B2, B3, B4 and F given in Table 2 demonstrates the

relative superiority of design point H.

Therefore, such multi-objective optimization of

cz��cz��
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vertical acceleration of seat ( ), vertical velocity of

forward tire ( ), vertical velocity of rear tire ( ),

relative displacement between sprung mass and

forward tire (d1) and relative displacement between

sprung mass and rear tire (d2) provide optimal choices

of design variables based on Pareto non-dominated

points.

6. CONCLUSION

A multi-objective uniform-diversity genetic

algorithm (MUGA) with a diversity preserving ability

was used to optimally design of vehicle vibration

model. The objective functions which conflict with

each other were selected as vertical acceleration of

seat ( ), vertical velocity of forward tire ( ),

vertical velocity of rear tire ( ), relative displacement

between sprung mass and forward tire (d1) and relative

displacement between sprung mass and rear tire (d2).

The multi-objective optimization of vehicle model led

to the discovering some important trade-offs among

those objective functions. The superiority of the

obtained optimum design points was shown in

comparison with those reported in literature. Such

multi-objective optimization of vehicle model could

unveil very important design trade-offs between

conflicting objective functions which would not have

been found otherwise. Further, it has been shown that

the results of 5-objective optimization include those of

2-objective optimization in terms of Pareto frontiers

and provide, consequently, more choices for optimal

design.
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